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Within the scope of Bianchi type-V/o spacetime we study the role of spinor field on the 
evolution of the Universe. It is found that the presence of nontrivial non-diagonal compo¬ 
nents of energy-momentum tensor of the spinor field plays vifal role on fhe evolufion of fhe 
Universe. As a resulf of fheir mufual influence fhere occur fwo differenl scenarios. In one 
case fhe invarianfs consfrucfed from fhe bilinear forms of fhe spinor field become frivial, 
fhus giving rise fo a massless and linear spinor field Lagrangian. According fo fhe second 
scenario massive and nonlinear ferms do nol vanish and depending on fhe sign of coupling 
consfanfs we have eifher an expanding mode of expansion or fhe one fhaf affer obfaining 
some maximum value confracfs and ends in big crunch generating spacetime singularity. 
This resulf shows fhaf fhe spinor field is highly sensitive fo fhe gravifafional one. 
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I. INTRODUCTION 


Thanks to its flexibility to simulate the different eharaeteristies of matter from perfeet fluid 
to dark energy and its ability to deseribe the different stages of the evolution of the Universe, 
spinor field has beeome quite popular among the eosmologists [1-211 . But some reeent study 
[22. 231 suggests that flexible though it is, the existenee of non-diaj^o: lal eomponents of the energy- 


verj 


momentum tensor of the spinor field imposes very severe restrietippis o|n the geometry of the Uni 


s well as on the spinor field, thus justifying our previous elaim that spinor field is very 


sensitive to the gravitational one [241 . 


In some reeent papers 


231 within the seope of Bianehi type-I eosmologieal model the 
role of spinor field in the evolution of the Universe has been studied. It is found that due to the 
spinor affine eonneetions tqe e rergy momentum tensor of the spinor field beeomes non-diagonal, 
whereas the Einstein tensor is diagonal. This non-triviality of non-diagonal eomponents of the 
energy-momentum tensor imposes some severe restrietions either on the spinor field or on the 
metrie funetions or on both of them. In ease if the restrietions are imposed on the eomponents of 
spinor field only, it beeomes massless and invariants eonstrueted from bilinear spinor forms also 
beeome trivial. Imposing restrietion wholly on metrie funetions one obtains FRW model, while if 
the restrietions are imposed both on metrie funetions and spinor field eomponents, the initially BI 
model beeomes loeally rotationally symmetrie. These results motivated us to eonsider the other 
Bianehi models and study the influenee of spaeetime geometry on the spinor field and viee versa. 

A Bianehi type-U/o model deseribes an anisotropie spaeetime and generates partieular interest 
among physieists. Weaver [251 . Ibanez et al. [261 . Soeorro and Medina [27] . and Bali et al. [281 
have studied B-U/q spaeetin .eineonneetionwilh massive strings. Reeentb', E elinehon [291 studied 
several eosmologieal mode ^vith B-U/q & B ID symmetries under the ; efi similar a oproaehL ^ 
spinor deseription of dark energy within the seope of a B-U/o model was given in Bianehi 
type VIq spaeetime filled with dark energy was investigated in [311 . 

In this paper we study the self-eonsistent system of nonlinear s )inor field and gra’ 
given by the Bianehi type VIq spaeetime in order to elarify the^le of non-diagona 
of the energy-momentum tensor of spinor field in the evolution of the Universe. 


dtational one 


eomponents 


II. BASIC EQUATION 

Let us eonsider the ease when the anisotropie spaee-time is filled with nonlinear spinor field. 
The eorresponding aetion ean be given by 


v^, v^) = J Ly/^da 

(2.1) 

with 


L = Lg Tsp. 

(2.2) 

Here Lg eorresponds to the gravitational field 


R 

(2.3) 


where R is the sealar eurvature, K = SnG, with G being Newton’s gravitational eonstant and Lgp is 
the spinor field Lagrangian. 


A. Gravitational field 

The gravitational field in our ease is given by a Bianehi type-U/o anisotropie spaee time: 

ds^ = dt^ — dx\ — — aldx^, (2.4) 

with ai, a 2 and being the funetions of time only and m is some arbitrary eonstant. 
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The nontrivial Christoffel symbols for (12.41) are 


pi — 

^ 01 — 


a\ 

a\ 


p2 _«2 

i 02 - —: 
0-2 


^ 03 — 


<33 


T^O 

1 = aia\e 


—2mxj 


T-<0 _ 

1^22 = a2a2e 


as 

2mxj 


T— 'U 

r33 =a3a3, 


■P'1 ■p2 ■p3 tyia^ ^—2mx'i, "p! 

r3i — —m, r32 —m, Tjj — —, P 


22 


ma 


2^2mx^ 


The nonzero eomponents of the Einstein tensor eorresponding to the metrie (12.41) are 

,2 


G} = 




^0_ 

Ltq — 


GX^-m 


a2 


as 

a2 

as 

a2 


as 

a2 

as 

as 


di 

ds 

di 

as 


ai 

as 

a\ 

di 


d2 

di 

<32 

a\ 


a2 

a\ 

<32 

di 

d2 


d2 ds 


a\ 

a2 


a2 as 



m 
«3 

«3 

2 ’ 
«3 

0.3 di 


m 


+ ■ 

as a\ a| 


ai 

ai 


a2 

a2 


(2.5) 


(2.6a) 

(2.6b) 

(2.6e) 

(2.6d) 

(2.6e) 


B. Spinor field 


For a spinor field \j/, the symmetry between \j/ and \j/ appears to demand that one should ehoose 
the symmetrized Lagrangian (321 . Keeping this in mind we ehoose the spinor field Lagrangian as 

[5J: 


Lsp-^ 




tfispiinir-F, 


(2.7) 


where the nonlinear term F deseribes the self-interaetion of a spinor field and ean be presented 
as some arbitrary funetions of invariants generated from the real bilinear forms of a spinor field. 
Sinee y/ and yr* (eomplex eonjugate of yf) have four eomponent eaeh, one ean eonstruet 4x4= 16 
independent bilinear eombinations. They are 


S = yryr (sealar), (2.8a) 

P = iy/y^Y (pseudosealar), (2.8b) 

= {V7^¥) (veetor), (2.8e) 

A^ = {yry^Y^¥) (pseudoveetor), (2.8d) 

= (yra^^yr) (antisymmetrie tensor), (2.8e) 


where = {i/2)[y^y^ — y^y^]. Invariants, eorresponding to the bilinear forms, are 


I = 52 , (2.9a) 

J = (2.9b) 

Iv = {yry^^yr)g^vi¥f¥). (2.9e) 

Ia =a^a^ = {yf^y^yf)g^v{w^y^yf), (2.9d) 

lQ = QgvQ^'' = {yfo^''Y)g^agvii{¥(y'''^¥)- (2.9e) 
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According to the Fierz identity, among the five invariants only I and J are independent as 
all others ean be expressed by them: ly — —Ia = I + J and Iq = I — J. Therefore, we ehoose 
the nonlinear term F to be the funetion of I and J only, i.e., F = F{I,J), thus claiming that it 
describes the nonlinearity in its most general form. Indeed, without losing generality we ean 
choose F = F{K), with K taking any of the following expressions {/, J, I+ J, I — J}. Here is 
the eovariant derivative of spinor field: 




dy/ 




( 2 . 10 ) 


with being the spinor affine eonnection. In (12.71) y’s are the Dirae matrices in eurve spaee-time 
and obey the following algebra 

and are eonnected with the flat spaee-time Dirae matriees f in the following way 


8gv{x) = eUx)el{x)riab, Tm W = W7« 


( 2 . 11 ) 

( 2 . 12 ) 


where is a set of tetrad 4-veetors. 

For the metrie (12.41) we choose the tetrad as follows: 


= 1 , 




ef=a2e^^\ 


(3) 

= as- 


(2.13) 


The Dirac matrices (x) of Bianehi type-V/o spaeetime are eonneeted with those of Minkowski 
one as follows: 


f = f, / = 




ai 


7, 


f = 


-mx^ 


1 


-f, y^ = —f 

a2 ^3 


7 ^ = -*\/^ 7 ^ 7 V 7 ^ = -I'fy^'fy^ = 7 ^ 


with 


f = 


I 0 

0 -7 


f = 


0 o‘ 
-ct' 0 


7^ = f = 


0 -7 

-7 0 


where Oi are the Pauli matriees: 


a = 


0 1 
1 0 


a2 = 


0 -i 
i 0 


= 


1 0 
0 -1 


Note that the y and the o matriees obey the following properties: 

fyj + yjf = i, 7 = 0,1,2,3 

ff + ff = 0, = 1 = 0,1,2,3 

= 5jk + iSju g\ 7, k, / = 1,2,3 

where rjij = {1, — 1, — 1, — 1} is the diagonal matrix, 5jk is the Kronekar symbol and £jki is the 
totally antisymmetrie matrix with £123 = - 1 - 1 . 

The spinor affine eonnection matrices r^(x) are uniquely determined up to an additive multiple 
of the unit matrix by the equation 


^7v 

dx8 


Tv/ilp ^fiYv F yv^g — 0, 


(2.14) 


= -rfay^'d^e), 


-7p7''r?v 


with the solution 


(2.15) 
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From the Bianchi type-VI metric (12.151) one finds the following expressions for spinor affine 
connections: 


ro = o, 

(2.16a) 

n = ]:(diY^f-m—Y^f)e^'"’'\ 

2 V a3 / 

(2.16b) 

^2= ^(azff + 

(2.16c) 

r, = fr’y". 

(2.16d) 

C. Field equations 



Variation of (12.11) with respect to the metric function gives the Einstein field equation 

gi=ri-'^-s;r=^kt;, ( 2 . 17 ) 

where 7?^ and R are the Ricci tensor and Ricci scalar, respectively. Here is the energy momen¬ 

tum tensor of the spinor field. 

Varying (12.71) with respect to one finds the spinor field equations: 

= (2.18a) 

i'^^i^rY^+msp\lr + ^\ff + i^\{/y^ = 0, (2.18b) 

where we denote & — ISF^Kj and ^ = IRFf^Kj, with Fic = dF /dK, Kj = dK/dl and Kj = dK / dJ. 
In view of (12.181) . eq. (12.71) can be rewritten as 

^sp = ^[v//V^V/-V^V/7^V/] -mspV/v^-E(/,7) 

= ^^[/V^V^-'«spV^]-^[V;iV/7^-fmspV/]v/-E(/, 7), 

= 2{IFi+JFj)-F = 2 KFk-F{K). (2.19) 

In what follows we consider the case when the spinor field depends on t only, i.e. y/ = . 


D, Energy momentum tensor of the spinor field 


The energy-momentum tensor of the spinor field is given by 


[WYfi^vW+Wrv^fiW-^fiWrvW-^vWYfiWj -S^L^p. ( 2 . 20 ) 

Then in view of (12.101) and (12.191) the energy-momentum tensor of the spinor field can be written 
as 

V = yrYvd^xff-d^xffYvV-dyXf/Y^xff) 

- ^g^Xr^ry+ry7^ + 7yr^ -f r^7y) yz-sp { 2 kfk - f { k )) . (2.21) 


As is seen from (12.211) . in the case where, for a given metric F^’s are different, there arise nontrivial 
non-diagonal components of the energy momentum tensor. 
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After a little manipulations from (12.211) one finds the following components of the energy mo¬ 
mentum tensor: 


T-'O 

^0 

r/ 

rpO 

rpO 

yO 

7-1 


7-1 

7-2 

^3 


= mspS + F{K), 

= =F{K)- 2KFk, 

4 as Ti II T 4 

4 as 4 as 


= 0 , 

_ ^ ^2 2mx3 

4ai 

_ ^ ^[2 2mx3 

4ai 


^ ,^yly2yD^_ ^,^yly2y3^ 

ai a2 / as 

A® 

ai a2/ as 




as 


ai 

ai 


4 ai 


U2 


i as _ 

= 

4a2 


772 X 3 




as 

- 772 X 3 


^2 <33 / 


4a2 


ai 


a2 as 


(2.22a) 

(2.22b) 

(2.22c) 

(2.22d) 

(2.22e) 


(2.22f) 

(2.22g) 

(2.22h) 


As one sees from (12.221) the spinor field possesses non-trivial of non-diagonal components of 
the energy momentum tensor. 


III. SOLUTION TO THE FIELD EQUATIONS 

In this section we solve the self consistent system of spinor and gravitational field equations. 
We begin with the spinor field equations and then solve the gravitational field equations. Finally 
we study the influence of the non-diagonal components of the energy momentum tensor on the 
components of the spinor field and metric functions. 


A. Solution to the spinor field equation 


Let us begin with the spinor field equations. In view of (12.101) and (12.161) the spinor field 
equations (12.181) take the form 


if{¥+^^¥)-msp¥-^¥-i^f¥ = ^, 

(3.1a) 

i{¥+^^¥)f + msp¥ + ^¥ + i'^¥f=0, 

(3.1b) 

where we define the volume scale 


V = aia2a3. 

(3.2) 


As we have already mentioned, t// is a function of t only. We consider the 4-component spinor 
field given by 


[ ¥i\ 
¥2 
¥3 

\¥4j 


(3.3) 
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Denoting = \A^ y/i from (I3.1al) for the spinor field we find we find 


+1 d>0i + ^03 = 0, (3.4a) 

02 + i 4>02 + 04 = 0 , (3.4b) 

03-id>03-(f0i =0, (3.4e) 

04 — Z 4>04 — ^02 = 0. (3.4d) 


The foregoing system of equations ean be written in the form: 


0 =^0, 


with 0 = eol ( 01 , 02 , 03 , 04 ) and 


/ 

-zd> 

0 


0 \ 


0 

-zd> 

0 




0 

z$ 

0 

V 

0 


0 

z4> y 


It ean be easily found that 

def4= + 

The solution to the equation (13.51) ean be written in the form 

0(t) =Texp(^-^ 


(3.5) 


(3.6) 


(3.7) 

(3.8) 


where 


f 0 0 \ 

0 0 
0 0 

\ 0 ^ 0 J 


(3.9) 


and 0(ti) is the solution at t = ti, with ti being quite large, so that the volume seale V, henee 
the expanding Universe beeomes large enough. As it will be shown later, K = Vq for K tak¬ 
ing one of the following expressions {7, 7- 1 -7, 7 — 7} with trivial spinor-mass and K = 
for K = I for any spinor-mass. Sinee our Universe is expanding, the quantities ^ and ^ be- 
eome trivial at large t = t\. Henee in ease of K = I with non-trivial spinor-mass one ean assume 


0 (ti) = co\{e e whereas for other eases with trivial spinor-mass we 

^2 5 03 : 

= mg 

It ean be shown that bilinear spinor forms (12.81) the obey the following system of equations: 


have 0(ti) = eol (0°, 0°, 0°, 0®) with being some eonstants. Here we have used the faet that 


tsp + The other way to solve the syst em (13.41) is given in [ 8 J. 


5o + ^^A[j = 0, 

(3.10a) 

7>o-^A[j = 0, 

(3.10b) 

4^. 

oo 

+ 

1 

o 

O 

(3.10e) 

Al = 0, 

(3.10d) 

1)0 = 0, 

(3.10e) 

^20^ = 0, 

(3.10f) 

230-4>v3=0, 

(3.10g) 

Ql^-^vl = 0, 

(3.1 Oh) 
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where we denote 5o = SV, Pq = PV, Aq =A^V, Vq = v^E and Qq'' = Q^^'V . 
equations together and taking the first integral one gets 

Combining these 

(So)2 + (Eo)" + (Ali)2 = z2 = Const, 

(3.11a) 

Aq = Zf = Const, 

(3.11b) 

iQl^f + iQl^f + ivlf = q = Const, 

(3.11c) 

Vo = Z| = Const. 

(3. lid) 


B. Solution to the gravitational field equation 


Now let us consider the gravitational field equations. In view of (12.61) and (12.221) with find the 
following system of Einstein Equations 


= k{F{K)-2KFk), 


ai 6(3 a 2 6(3 m 

CI2 0,2 CI2 ^3 

as ai a-i aia^ 


a\ a 2 


a\ a 2 
<33 di 


a\ a 2 


with the additional constraints 


ai a2 a2a3 ai m_, . 

- 1 - 1 - 2 ~ ^ FF\K)j, 


a 2 

CI 2 CI 3 0,3 a\ 
d\ 
a\ 


a 2 

a 2 


= 0 , 


r0 = --m— 

4 a3 

4 <33 

rpl ^ l^„ 2 mx 3 

4ai 

Aai \a3 ai 
Aa2 \a2 < 33 ^ 


Y 

d 2 ^ 

CJ 

1 

1 

1 5 

0 

_ 1 

\ai 

<32^ 

Z a 3 


= 0 , 


Erom (I3.12el) one dully finds 


(3.12a) 
(3.12b) 
(3.12c) 
(3.12d) 
(3.12e) 

(3.13a) 

(3.13b) 

(3.13c) 

(3.13d) 

(3.13e) 

(3.14) 


CI 2 — 2(qciij Xq = Const. 

Eet us now find expansion and shear for Bianchi type-E/o metric. The expansion is given by 

t? = 4 = <+rJ«M“, (3.15) 


2 ^ 

CT = :zCT^vC^ 


^lV 


and the shear is given by 


(3.16) 
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with 

<7/xv = 2 (3.17) 

where the projeetion veetor P\ 

= P, PjlV~§llV Py = 8y U^Uy. (3.18) 

In eomoving system we have = (1,0,0,0). In this ease one finds 


and 


„ d\ d? d-i V 

'd- = -1-1- 

a\ a 2 as V 


a, = - 


oi = - 


a7 = -- 


_ai a? as 
- 2 — + — + — 


a\ a 2 

^d? ds 
- 2 —+ —+ 
as as 

^ds di 
- 2 — + — + 
as ai 


as 

di 

ai 

ds 

as 


= ^-k 

ai 3 

ds 1 

=-:yt^, 

as 3 

as 3 


One then finds 


C7 = 


r 3 

E 

u=i 




E 

i=l ^ 


Inserting (13.141) into (13.191) and (13.201) we find 


..ai as 
r? = 2—+ —, 
a\ as 


and 


1 1 fd\ ds 

= T- 

3 Vai as 

2 _ 1 /di ds 

~ TI n 

3 Vai as' 




v(- 

3 Vai 


as 


(3.19) 

(3.20a) 

(3.20b) 

(3.20e) 

(3.21) 

(3.22) 

(3.23a) 

(3.23b) 

(3.23e) 


As it was found in previous papers, due to explieit presenee of as in the Einstein equations, one 
needs some additional eonditions. In an early work we propose two different situation, namely, 

set as = Vv and as = V whieh allowed us to obtain exact solutions for the metric functions. 

In a recent paper we imposed the proportionality condition, widely used in literature. Demand¬ 
ing that the expansion is proportion to a component of the shear tensor, namely 


r? =Ns(ys- 


(3.24) 


The motivation behind assuming this condition is explained with reference to Thome [331 . The 
observations of the velocity-red-shift relation for extragalactic sources suggest that H[i^le ex¬ 
pansion of the universe is isotropic today within 30 per cent 134. 351 . To put more Iprqcisely, 
red-shift studies place the limit 


(3.25) 
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on the ratio of shear a to Hubble constant H in the neighborhood of our Galaxy today. Collins et 
al. [361 have pointed out that for spatially homogeneous metric, the normal congruence to the ho- 
mogereous hypersurfaces satisfies the condition: ^ = const. Under this proportionality condition 
it wlasJalso found that the energy-momentum distribution of the model is strictly isotropic, which 
is absolutely true for our case . 

Further on account of (13.21) we finally find 


ai = 


1 




-y 


1 _ 1 
3 2 X 3 


«2 = 2fo 


1 




-y 


I _ 1 
3 2V7 


as = Xi 


1 


XoXi 


-y 


1-1-' 

T 3 + ]VT 


(3.26) 


As it is obvious from (13.261) the isotropization of the spacetime can take place only for large value 
of A 3 . 

The equation for V can be found from the Einstein Equation (12.61) which after some manipula¬ 
tion looks 

3 K* 

V = xy i/3-2/^3 + + 2{F{K) -KFk)]V, (3.27) 


with X = 2m X, 


2v2/(V3+2/3^2/)V3-1/3 


. In order to solve (13.271) we have to know the relation between 
K and V. Recalling that K takes one of the following expressions {/, 7, 7 -f 7, 7 — 7}, with ^ = 
2SFkKj and = 2PFicKj let us first find those relations for different K. 


In case of TT = 7, i.e. = 0 from (I3.10al) we find 

5o = 0, 

with the solution 


2 Vn Vb 

K = I = S^ = -^, => S=—, yo = const. 

y2’ V 


(3.28) 


(3.29) 


In this case spinor field can be either massive or massless. 

In the cases where K takes any of the following expressions {7, 7-1-7, 7 —7} that gives TTy = ±1, 
we consider a massless spinor field. 


In case of A = 7, ^ = ^ — 0. Then from (13.1 Obi) we have 

^0 = 0, 

with the solution 

7 Vn Vq 

K = J = P^ = ^, ^ P = ^, yo = const. 


(3.30) 

(3.31) 


In case of A = 7 -f 7 the equations (I3.10al) and (13.1 Obi) can be rewritten as 


So + 2PFkAI = Q, 
Pq-2SFkAI = Q, 


which can be rearranged as 


with the solution 




K = I^J = S^ + P^ = ^, 


(3.32a) 

(3.32b) 


(3.33) 


yo = const. 


(3.34) 
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It should be noticed that in this case one can use the following parametrization for S and P: 


S = VKsinO =—sinO, P = y/KcosO =—cosd. (3.35) 

y ’ V 

Here we like to note that for the case in concern one can consider the massive spinor field as 
well. In that case we have 

So + 2PFj^A^ = 0, (3.36a) 

Po - mspA° - 25FkAo = 0, (3.36b) 

which can be rearranged as 

SoSo + PqPo = = '^sp/’oAlj. (3.37) 

From (13.1 lal) follows 


(A{])2 = /2_y2 (52 =lf-V^K. 

Further setting 5 = \/Zsin0 and P = y/Kcos 0 Eq. (13.371) can be written as 

d (V^K) 

— = = 2mspCOS 9dt, 

^{V^K) {q-{V^K)) 


(3.38) 


(3.39) 


with the solution 


K = 


n 

2y2 


1 + sin (2 


mspCOS0t)). 


(3.40) 


As one sees for massless spinor field from (13.401) follows K = which is equivalent to (13.341) 

for Vq = Zj /2. Moreover, given the fact that sin (2mspCOS dt) G [—1, 1] for the massive spinor field 

K comes out to be a time varying quantity that has the range K G [0, l\/V'^]. In our purpose we 
consider here only the massless spinor field. 


Finally, for ^ = 7 — 7 the equations (I3.10al) and (13.1 Obi) can be rewritten as 


5o-2FFkAo = 0, 

(3.41a) 

7b-25F^A|] = 0, 

(3.41b) 

which can be rearranged as 


So5o - PoPo = Pi) = ^ {y^K) = 0, 

(3.42) 

with the solution 


y2 

K = I-J^S^-P^ = ^, yo = const. 

(3.43) 

In this case one can use the following parametrization for S and P: 


S = \/Fcosh0 = ^cosh0, P = \/Fsinh0 = ^sinh0. 

(3.44) 


Thus we see that is a function of V. For the cases considered here we established that 
K = Vq /y2. So one can easily consider the case when K = I = S^. In that case it is possible to study 
both mass ive and massless spinor field to clarify the role of spinor mass. Further inserting F{K) 
into (13.271) one finds the expression for V. One can further study the behavior of V numerically 
for different F. But before that let us first see what happens to the result obtained if the additional 
conditions are taken into account. 
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IV. INFLUENCE OF ADDITIONAL CONDITIONS ON THE SOLUTIONS 


Thus, until thi s poin t we have only used the Einstein system of equations without the addi¬ 
tional eonditions (I3.13I) . In what follows we turn to them and see how these eonditions effeet our 

solutions., _, ,_, 

From (I3.13al) and (I3.13bl) one dully finds 


= 0, and A^ = 0. 


(4.1) 


In view of (14.11) the relations (I3.13dl) an d (I3.13el) ful fill even without imposing restrietions on the 
metrie funetions. On aeeount of (I3.12el) from (I3.13el) one finds 


A® = 0. 


(4.2) 


The equalities (14.11) and (14.21) ean be rewritten in terms of spinor field eomponents as follows: 


¥i ¥2 -¥ 2 ¥i + ¥3 ¥4 -¥4 ¥ 3 ^ 0, (4.3a) 

¥1 ¥2 + ¥ 2 ¥i + ¥3 ¥4 + ¥4 ¥3 = 0, (4.3b) 

KV^3 + v4v^4 + V^3Vi + v4v^2 = 0. (4.3c) 

On the other hand, in view of (14.11) and (14.21) from the equality 

v^A^ = 0 ^ vsA^ = 0, (4.4) 


we have either 
or 


A3 = 0 ^ K V/i - Y 2 ¥2 + ¥3 ¥3-¥4 ¥4 = 0, 
= 0 ^ - ¥2¥4 + ¥3¥i -¥4¥2 = 0 . 


(4.5) 

(4.6) 


In case of A^ = 0 we find A^ = 0. Then taking into account that Ia = A^A^ = + 

ultimately find (231 

S^+P'^ = 0^S = 0 and P = 0. 


we 


(4.7) 


Thus we see thaim the case considered here the initially massive, nonlinear spinor field becomes 
linear and massless as a result of special geometry of the Bianchi type-V/o spacetime, which is 
equivalent to solving the corresponding Einstein equation in vacuum. 

In this case for volume scale V we find 


V = 


(4.8) 


with the solution in quadrature 

^ = ' + ' 0 . = <«> 

with to and Cq are being some arbitrary constants. 

In Fig. [Hwe have plotted the evolution of volume scale. For simplicity we have set m = 1, 
Aq = 1, Vi = 1, Co = 10 and = 3. The initial value of volume scale is taken to be V (0) =0.1 
and V (0) is calculated using (14.91) . 

As far as spinor field is concerned the Matrix A in (13.51) in this case becomes trivial and the 
components of the spinor field can be written as 

¥ = -%, f=l,2,3,4, (4.10) 
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FIG. 1. Evolution of the Universe in absence of spinor field (Vacuum solution). 


with c, ’s being the eonstant of integration obeying 


c1ci+C 2C2-C3C3-C4C4 = 0, (4.11a) 

c1c3 + c^C4-c^ci-4c 2 = 0. (4.11b) 

The seeond possibility is to eonsider (14.61) with ^ 0. In this ease the nonlinear term as well 
as the massive term do not vanish. In what follows, we will eonsider the ease for K = I, setting 

^ = = (4.12) 

k k 

As far as other eases are eoneemed we ean revive them setting spinor mass mgp = 0. 

Then inserting (14.121) into (13.271) and taking into aeeount that in this ease S = Vq/V we find 


V = ^i(V), 


4.i=xyi/3~2/^3 + ^ 


mspyo+2£Afe(i 

k 


(4.13) 


with the solution in quadrature 


dV 

— =t + t0, ^2 

CP2 



y(4iV3-6)/3yV3+3^ 



+ Ci, (4.14) 


with to and C\ are being some arbitrary eonstants. 

It ean be shown that the metrie funetions and the eomponents of the spinor field as well as the 
invariants eonstrueted form them are inverse funetion of V of some degree, henee at any spaeetime 
point where V = 0 it is a singularity. So we assume that at the beginning V was small but non-zero. 
From (14.131) we see that at initial stage the nonlinear term prevails if nt = sueh that ri > 1/2 
and ni > 1/3 + I/N 3 , whereas for the nonlinearity to beeome dominant for large value of V one 
should have n/^ = n 2 sueh that ^2 < 1/2 and ^2 < 1/3 -fl /N 3 . 
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In Figs. |2]and[3]we have plotted the evolution of volume seale for positive and negative coupling 
constants Ai and A 2 , respectively. For simplicity we set m = 1, Xq = l,Xi = I, N 3 = 3, msp = 1, 
Vb = 1, = 1, Cl = 10, ^1 = 3, ^2 = 1/4 and N 3 = 3. In case of positive coupling constants Ai = 1 

and A 2 = 1 the model describes an expanding Universe, while for negative coupling constants 
Ai = —0.5 and A 2 = —0.5 we have a cyclic Universe that expands to some maximum and then 
contracts to minimum only to expand again. The initial value of volume scale is taken to be 
V (0) =0.1 and V (0) is calculated using (14.141) . 
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FIG. 2. Evolution of the Universe filled with massive spinor field with a positive self-coupling constants 
Ai = 1 and A 2 = 1. 



FIG. 3. Evolution of the Universe filled with massive spinor field with a negative self-coupling constants 
Ai = —0.5 and A 2 = —0.5. 


Let us also see what happens to deceleration parameter for positive coupling constants. Using 
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the definition 




VV 

'W 


yd>i 


(4.15) 


it ean be shown that in this case our Universe is expanding with acceleration. Taking into account 
the discussion about the value of we can rewrite 



mspyoV + 2Ai(l-ni)yo^"W2(i-”i) + 2A2(l-n2)V^”'V2(i-"2) 


mspyoy + Aiyo^"'y2(i-«i)+A2y(J""y2(i-"2) 

+ Ci 


(4.16) 

As it was mentioned earlier, at large t, hence for large V prevails the term with = n 2 < 1/2. 
Taking this into account we find 

Yim q —(1—n2)<0. (4.17) 

V — 
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FIG. 4. Evolution of the deceleration parameter for the Universe filled with massive spinor field with a 
positive self-coupling constants X\ = \ and A 2 = 1. 


In Fig. IHwe have illustrated the evolution of the the deceleration parameter. As we see that the 
spinor field nonlinearity leads to the late time accelerated expansion of the Universe. 


V, CONCLUSION 

Within the scope of Bianchi type-U/o spacetime we study the role of spinor field on the evolu¬ 
tion of the Universe. In this case we consider the spinor field that depends only on time t. Even in 
this case the spinor field possesses non-zero non-diagonal components of energy-momentum ten¬ 
sor thanks to its specific relation with gravitational field. This fact plays vital role on the evolution 
of the Universe. Due to the specific behavior of the spinor field we have two different scenarios. 
In one case the bilinear forms constructed from it becomes trivial, thus giving rise to a massless 
and linear spinor field Lagrangian. This case is equivalent to the vacuum solution of the Bianchi 
type-U/o spacetime. The second case allows non-vanishing massive and nonlinear terms and de¬ 
pending on the sign of coupling constants gives rise to expanding mode of expansion or the one 
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that after obtaining some maximum value eontraets and ends in big eruneh generating spaeetime 
singularity. This result onee again shows the sensitivity of spinor field to the gravitational one. 
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